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bstract
The singular values of two kinds of two-parameter families of functions (i) fλ,μ(z) =  λ((bz −  1)/z)μ and fλ,μ(0) = λ(ln b)μ, μ  > 0,
ii) gλ,η(z) =  λ(z/(bz −  1))η and gλ,η(0) = λ/(ln b)η, η  > 0; λ  ∈  R\{0}, z ∈  C, b  > 0, b  /=  1 are described. It is shown that all the
μ ηritical values of fλ,μ(z) and gλ,η(z) lie interior and exterior of the disk centered at origin and having radii |λ(ln b) |  and |λ/(ln b) |
espectively. Further, it is proved that both the functions fλ,μ(z) and gλ,η(z) have infinitely many singular values for all b  > 0, b  /=  1.
 2016 The Author. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
Usually, it is crucial to study the dynamical proper-
ies of entire or meromorphic functions if singular values
xist. The importance of singular values in the dynam-
cs of transcendental functions can be seen in [1–4].
he dynamics of one parameter family λez, that has
nly one singular value, was vastly explored in [5,6].
his exponential family is simpler than other families
hich have more than one or infinitely many singu-
ar values. Some dynamical properties of such types of
amilies of functions including exponential map werePlease cite this article in press as: M. Sajid. Singular values of two-p
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studied in [7–11]. Often these investigations are very
applicable for studying of iterative methods associate to
entire and meromorphic transcendental functions which
have either critical values or asymptotic values, or both.
Enormously, singular values are useful in the dynamics
of entire and meromorphic transcendental functions for
describing the Julia sets and the Fatou sets [8–12].
The present paper devotes to investigate the singu-
lar values of two kinds of two-parameter families of
transcendental functions. For this purpose, we consider
the following two-parameter families of transcendental
entire and meromorphic functions respectively which are
neither even nor odd and not periodic:
E =
{
fλ,μ(z) =  λ
(
bz −  1)μ
andarameter families λ((bz −  1)/z)μ and λ(z/(bz −  1))η, J. Taibah
ehalf of Taibah University. This is an open access article under the
z
fλ,μ(0) =  λ(ln b)μ : μ  >  0,  λ  ∈ R\{0},
z ∈ C,  b  >  0,  b /=  1
}
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M =
{
gλ,η(z) =  λ
(
z
bz −  1
)η
and
gλ,η(0) = λ(ln b)η : η  >  0,  λ  ∈  R\{0},
z  ∈  C,  b  >  0,  b  /=  1
}
The family E is a generalization of one parame-
ter families of entire functions λ((ez −  1)/z) from [13],
λ((bz −  1)/z) from [14] and λ((ez −  1)/z)m from [15];
and the family M is a generalization of one param-
eter families of meromorphic functions λ(z/(ez −  1))
from [16], λ(z/(bz −  1)) from [17] and λ(z/(ez −  1))m
from [18]. Moreover, the families E and M based upon
the positive real number b  are also related to well
known generalized (i) Bernoulli’s generating function
(z/(ez −  1))αetz = ∑∞k=0B(α)k (t)(zk/k!) by choosing α
nonzero real and t = 0 (ii) Apostol-Bernoulli’s generating
function (z/(λez −  1))αetz = ∑∞k=0B(α)k (t; λ)(zk/k!) by
choosing α  nonzero real, λ  = 1 and t = 0.
A point z* is said to be a critical point of f(z) if
f′(z  *) =0. The value f(z  *) corresponding to a critical
point z* is called a critical value of f(z). A point w  ∈
ˆC  =  C  ∪  {∞}  is said to be an asymptotic value for f(z),
if there exists a continuous curve γ  : [0,  ∞) → ˆC  sat-
isfying lim
t→∞γ(t) =  ∞  and limt→∞f  (γ(t)) =  w. A singular
value of f is defined to be either a critical value or an
asymptotic value of f.
In Theorem 2.1, it is shown that both the functions
f ′λ,μ(z) and g′λ,η(z) have no zeros in the left half plane
for 0 < b < 1 and in the right half plane for b  > 1. It is
found that, in Theorem 2.2, the functions fλ,μ(z) and
gλ,η(z) map (i) the right half plane interior and exterior of
the disk for 0 < b  < 1 respectively (ii) the left half plane
interior and exterior of the disk for b  > 1 respectively.
In Theorem 2.3, it is seen that all the critical values lie
interior and exterior of the disk centered at origin and
having radii |λ(ln b)μ| and |λ/(ln b)η| respectively. Fur-
ther, in Theorem 2.4, it is proved that the functions fλ,μ(z)
and gλ,η(z) have infinitely many singular values for all
b > 0, b  /=  1.
2.  Singular  values  of  fλ,μ ∈  E and  gλ,η ∈  M
Let Dr(0) be a disk centered at origin and radius
r. Suppose that the right half and left half planes are
given by H+ =  {z  ∈ ˆC  : Re(z) >  0}  and H− =  {z  ∈Please cite this article in press as: M. Sajid. Singular values of two-p
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ˆC  : Re(z) <  0}  respectively. In the following theorem, it
is shown that both f ′λ,μ(z) and g′λ,η(z) have no zeros in
the left half plane for 0 < b < 1 and the right half plane
for b > 1: PRESS
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Theorem  2.1.  Let  fλ,μ ∈  E and  gλ,η ∈  M. Then,
(a) for  0 < b  < 1, f ′λ,μ(z) and  g′λ,η(z) have  no  zeros  in  the
left half  plane  H−.
(b) for  b > 1, f ′λ,μ(z) and  g′λ,η(z) have  no  zeros  in  the
right half  plane  H+.
Proof.
(a) For z /=  0, f ′λ,μ(z) =  λμ( b
z−1
z
)μ−1 (z ln b−1)bz+1
z2
and f ′λ,μ(0) =  λμ (ln b)
μ+1
2 , the zeros of f
′
λ,μ(z) are
given by b−z = 1 −  z  ln b  and z  = 2pπi/ln b, where p
is nonzero integer.
For z  /=  0, g′λ,η(z) =  λη( zbz−1 )η−1 (1−z ln b)b
z−1
(bz−1)2
and g′λ,η(0) =  −λη 12(ln b)η−1 , the zeros of g′λ,η(z) are
given by b−z = 1 −  z  ln b.
It is found in [14] that the equation b−z = 1 −  z  ln b
has no any solution in H−. Therefore, it shows that
the function f ′λ,μ(z) and g′λ,η(z) have no zeros in H−
for 0 < b < 1.
(b) The proof of this part is similar as part (a).

The following theorem proves that the functions
fλ,μ ∈  E and gλ,η ∈ M map the right and the left half
planes interior and exterior of the disk respectively:
Theorem  2.2.  Let  fλ,μ ∈  E and  gλ,η ∈  M. Then,
(i) for  0 < b  < 1, fλ,μ(z) and  gλ,η(z) map  the  right  half
plane  H+ interior  of  D|λ(ln b)μ|(0) and  exterior  of
D|λ/(ln b)η|(0) respectively.
(ii) for  b  > 1,  fλ,μ(z) and  gλ,η(z) map  the  left  half
plane H− interior  of  D|λ|(ln b)μ (0) and  exterior  of
D|λ|/(ln b)η (0) respectively.
Proof.
(i) For 0 < b  < 1, suppose that the line segment γ  is
defined by γ(t) = tz, t ∈  [0, 1]. Further, let the func-
tion h(z) = bz for an arbitrary fixed z ∈ C. Since
M ≡  max
t ∈ [0,1]
|h(γ(t))|  =  max
t ∈ [0,1]
|btz| <  1 for z ∈ H+,
then
∫
γ
h(z)dz =
∫ 1
0
h(γ(t))γ ′(t)dt = z
∫ 1
0
btzdt = 1
ln b
(bz − 1)arameter families λ((bz −  1)/z)μ and λ(z/(bz −  1))η, J. Taibah
|bz − 1| = | ln b
∫
γ
h(z)dz| ≤ M|z|| ln b| < |z|| ln b| (1)
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It follows that
∣∣∣(bz −  1
z
)μ∣∣∣ =
∣∣∣bz −  1
z
∣∣∣μ <  |  ln b|μ for all z  ∈  H+.
|fλ,μ(z)|  =
∣∣∣λ(bz −  1
z
)μ∣∣∣ <  |λ(ln b)μ|  for all z  ∈  H+.
It proves that the function fλ,μ ∈  E maps H+ inte-
rior of D|λ(ln b)μ|(0).
Next, from Eq. (1), we have
∣∣∣( z
bz −  1
)η∣∣∣ =
∣∣∣ z
bz −  1
∣∣∣η > 1|  ln b|η for all z  ∈  H+.
|gλ,η(z)|  =
∣∣∣λ( z
bz −  1
)η∣∣∣ >
∣∣∣ λ(ln b)η
∣∣∣ for all z  ∈  H+.
This shows that the function gλ,η ∈ M maps H+
exterior of D|λ/(ln b)η|(0).
ii) The proof of this part is similar as part (i), hence it
is omitted.
In the following theorem, it is proved that the func-
ions fλ,μ ∈  E and gλ,η ∈  M have critical values
nterior of and exterior of the disk respectively:
heorem  2.3.  Let  fλ,μ ∈ E and  gλ,η ∈  M.  Then,  all
he critical  values  of  fλ,μ(z) and  gλ,η(z) lie  interior  of
|λ(ln b)μ|(0) and  exterior  of  D|λ/(ln b)η|(0) respectivelyPlease cite this article in press as: M. Sajid. Singular values of two-p
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or all  b > 0,  b /=  1.
roof.  For 0 < b < 1, by Theorem 2.1(a), the function
′
λ,μ(z) has no zeros in H−. Therefore, all the critical
Fig. 1. Graphs of y ln b
sin(y ln b) PRESS
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points of fλ,μ(z) lie in H+. By Theorem 2.2(i), the func-
tion fλ,μ(z) maps H+ inside of D|λ(ln b)μ|(0). It gives that
all the critical values of fλ,μ ∈  E are lying interior of
D|λ(ln b)μ|(0).
For b  > 1, by Theorem 2.1(b), the function f ′λ,μ(z) has
no zeros in H+. Hence, all the critical points lie in H−.
By Theorem 2.2(ii), the function fλ,μ(z) maps H− inside
of D|λ|(ln b)μ (0). It follows that all the critical values of
fλ,μ ∈ E are lying interior of D|λ|(ln b)μ (0).
Similarly, using analogous arguments as above, we
can prove that all the critical values of gλ,η ∈  M lie
exterior of D|λ/(ln b)η|(0). 
The following theorem shows that the functions
fλ,μ ∈ E and gλ,η ∈  M possess infinitely many sin-
gular values:
Theorem  2.4.  Let  fλ,μ ∈  E and  gλ,η ∈  M.  Then,  the
functions  fλ,μ(z) and  gλ,η(z) have  inﬁnitely  many  singular
values for  all  b  > 0,  b /=  1.
Proof. For critical points of fλ,μ ∈  E, f ′λ,μ(z) =  0, we
get b−z = 1 −  z ln b  and z = 2pπi/ln b, where p  is nonzero
integer. Note that fλ,μ(2pπi/ln b) = 0.
For critical points of gλ,η ∈  M, g′λ,η(z) =  0, we have
b−z = 1 −  z ln b.
Using the real and imaginary parts of b−z = 1 −  z  ln b,
we have
y ln b −  by cot(y ln b)− 1ln b =  0 (2)arameter families λ((bz −  1)/z)μ and λ(z/(bz −  1))η, J. Taibah
sin(y  ln b)
x = 1
ln b
−  y cot(y  ln b) (3)
− by cot(y ln b)− 1ln b .
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Substituting v  =  y  ln b in Eq. (2),
v
sin v
−  ev cot v−1 =  0 (4)
The above equation has infinitely many roots which was
proved in [13]. Therefore, it follows that Eq. (2) has
infinitely many solutions for b > 1. Similarly, it can be
easily deduced for 0 < b  < 1. It is also justified that, from
Fig. 1(a) for 0 < b  < 1 and Fig. 1(b) for b  > 1, Eq. (2)
has infinitely many solutions since number of intersec-
tions increases when expands the interval on horizontal
axis. Let {yk}k=∞k=−∞,k  /=  0 be the infinitely solutions of Eq.
(2). Then, from Eq. (3), xk = (1/ln b) −  yk cot(yk ln b) for
k nonzero integer.
For critical points zk = xk + iyk, the critical val-
ues of fλ,μ(zk) =  λ((bzk −  1)/zk)μ and gλ,η(zk) =
λ(zk/(bzk −  1))η are distinct for different k. It shows that
fλ,μ ∈  E and gλ,η ∈  M have infinitely many critical
values for 0 < b < 1 and b  > 1.
The point 0 is the finite asymptotic value of fλ,μ ∈  E
and gλ,η ∈  M since fλ,μ(z) →  0 as z→  ∞  along both
positive and negative real axes, and gλ,μ(z) →  0 as z→  ∞
along both negative and positive real axes for 0 < b  < 1
and b > 1 respectively.
Thus, it follows that the functions fλ,μ ∈  E and
gλ,η ∈  M have infinitely many singular values for all
b > 0, b  /=  1. 
3.  Conclusion
The singular values of two kinds of two-parameter
families of entire and meromorphic transcendental func-
tions have found in this paper. We have shown that
all the critical values of both families lie interior and
exterior of the disk centered at origin and having finite
radii respectively. Further, we have proved that both the
families of functions possess infinitely many singular
values.Please cite this article in press as: M. Sajid. Singular values of two-p
Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2016.03.005
Acknowledgements
The author is thankful to anonymous referees for pro-
viding fruitful suggestions to improve this manuscript.
[ PRESS
 for Science xxx (2016) xxx–xxx
References
[1] W. Bergweiler, M. Haruta, H. Kriete, H.G. Meier, N. Terglane, On
the limit functions of iterates in wandering domains, Ann. Acad.
Sci. Fenn. Ser. A. I. Math. 18 (1993) 369–375.
[2] X.H. Hua, C.C. Yang, Dynamics of Transcendental Functions,
Gordan and Breach Sci. Pub, Amsterdam, 1998.
[3] S. Morosawa, Dynamical convergence of a certain polynomial
family to fa(z) = z + ez + a, Ann. Acad. Sci. Fenn. Math. 40 (2015)
449–463, http://dx.doi.org/10.5186/aasfm.2015.4028.
[4] J.H. Zheng, On fixed-points and singular values of transcendental
meromorphic functions, Sci. China Math. 53 (3) (2010) 887–894,
http://dx.doi.org/10.1007/s11425-010-0036-4.
[5] R.L. Devaney, ez – dynamics and bifurcation, Int. J.
Bifurc. Chaos 1 (1991) 287–308, http://dx.doi.org/10.1142/
S0218127491000221.
[6] R.L. Devaney, Sex: dynamics, topology, and bifurcations of com-
plex exponentials, Topol. Appl. 110 (2001) 133–161, http://dx.
doi.org/10.1016/S0166-8641(00)00099-7.
[7] T. Kuroda, C.M. Jang, Julia set of the function z exp(z + μ)
ii, Tohoku Math. J. 49 (1997) 557–584, http://dx.doi.org/
10.2748/tmj/1178225063.
[8] S. Morosawa, M. Taniguchi, Non-trivial deformation of an entire
function abz + ebz + c, Taiwan. J. Math. 5 (3) (2001) 641–646.
[9] T. Nayak, M.G.P. Prasad, Julia sets of Joukowski-Exponential
maps, Complex Anal. Oper. Theory 8 (5) (2014) 1061–1076,
http://dx.doi.org/10.1007/s11785-013-0335-1.
10] P. Petek, M.S. Rugelj, The dynamics of λ + z + exp(z), J. Math.
Anal. Appl. 222 (1) (1998) 38–63, http://dx.doi.org/10.1006/
jmaa.1997.5724.
11] N. Yanagihara, K. Gotoh, Iteration of the function cexp[az + b/z],
Math. Jpn. 48 (3) (1998) 341–348.
12] T. Nayak, J.H. Zheng, Omitted values and dynamics of mero-
morphic functions, J. Lond. Math. Soc. 83 (1) (2011) 121–136,
http://dx.doi.org/10.1112/jlms/jdq065.
13] G.P. Kapoor, M.G.P. Prasad, Dynamics of (ez − 1)/z: the Julia
set and bifurcation, Ergod. Theory Dyn. Syst. 18 (6) (1998)
1363–1383, http://dx.doi.org/10.1017/S0143385798118011.
14] M. Sajid, Singular values of one parameter family λ bz−1
z
, J. Math.
Comput. Sci. 15 (3) (2015) 204–208.
15] M. Sajid, Singular values of one parameter family λ( ez−1
z
)m,
Int. J. Appl. Math. Res. 4 (2) (2015) 295–298, http://dx.doi.org/
10.14419/ijamr.v4i2.4359.
16] M. Sajid, Singular values and fixed points of family of generating
function of Bernoulli’s numbers, J. Nonlinear Sci. Appl. 8 (1)
(2015) 17–22.
17] M. Sajid, Singular values of one parameter family of general-
ized generating function of Bernoulli’s numbers, Appl. Math.
Inf. Sci. 9 (6) (2015) 2921–2924, http://dx.doi.org/10.12785/arameter families λ((bz −  1)/z)μ and λ(z/(bz −  1))η, J. Taibah
amis/090619.
18] M. Sajid, Singular values of one parameter family λ( z
ez−1 )m,
Int. Math. Forum 10 (7) (2015) 301–304, http://dx.doi.org/
10.12988/imf.2015.5319.
